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ABSTRACT

In this paper the eigenfunction expansions of the Schréodinger operator
with the potential having singularity at one point are considered. The
uniform estimations for the spectral function of the Schrédinger operator
in closed domain are obtained. The almost everywhere convergence of
the eigenfunction expansions by Riesz means in the classes L, classes is
proven by estimating the maximal operator in L; and Ly and applying
the interpolation theorem for the family of linear operators.
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1. Introduction

Let €2 be an arbitrary bounded domain in RY (N > 3) with smooth bound-
ary. Let fix the point o € 2. We assume that the potential function ¢ € Lo(2)
has a following form:

_ allz = xo])
q(z) = o 0] x € 9,

where a € C*°(0, o) is non-negative function satisfying the condition:

d*a(t)
dtk

t* <ot k=0,1,2,...,[N/2]

for some 7 > 0.

We consider Schrodinger operator H = —A + ¢ with domain C§°(€2). We
denote an arbitrary nonnegative self-adjoint extension of H with discrete spec-
trum by H. Let 0 < A1 < Ay < A3 < ... be the eigenvalues of HZ and let
{un}5; be the corresponding complete orthonormal system of eigenfunctions.

For each Re(s) > 0, we define the s — th order Riesz mean of the eigenfunc-
tion expansion of a function f € Lo(§2) as follows

53w = ¥ (1-32) Gunun(o)

An <A

where (f,u,) denotes the Fourier coefficients of the function f: (f,u,) =
Jo F@)unly)dy,n=1,2,3, ...

The current work is devoted to the investigations connected with the prob-
lems of the almost everywhere convergence of the eigenfunction expansions of
the Schrédinger operator by Riesz means. The main result of the paper is the
following theorem:

Theorem 1. If f(z) € L,(),1 < p < 2. Then Riesz means E3 f(z) of order

s> N (Il) — almost everywhere in Q converges to f(x) .

1
2

The similar statement for the eigenfunction expansions established by |Al-
imov| (1970b). When we consider multiple Fourier series and integrals the con-
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dition for the almost everywhere convergent guranteed if s > (N — 1) (l — l)

P 2
for the values of p: 1 < p < 2. As we can see the gap between these cases. In
paper Bastis| (1983)) has been constructed the example of the eigenfunction ex-

pansion corresponding to the self adjoint extension of the Laplace operator that

the Riesz means of eigenfunction expansions of order s : s < N (% — %) — % al-

most everywhere diverges to infinity for certain function from L,,. In this work
we are extending the result of the |Alimov| (1970b)) for the case of Schrodinger
operator with nonsmooth potential. To prove the statement in the Theorem
1 we estimate the maximal operator EZ f = supy- |E3 f| in the classes L;(£2)
and Ly(Q) , and apply interpolation to the family of linear operators.

In this work we investigate the convergence almost everywhere of the eigen-
function expansions of the Schrodinger operator on closed domain where E¥ f(x)
converge to f(z) € L,().

2. Preliminaries

In this section we obtain a suitable representation for the Riesz means of
the eigenfunction expansions of the Schrodinger operator. The eigenfunction
expansions of the Schrédinger operator with special type potential function are
considered in |Alimov and Joo| (1983a)) and [Alimov and Joo| (1983b]).

Let denote by r = |z — x¢|,x € Q. Mean value formula for the eigenfunctions
of the Schrédinger operator has following form

/eun(xo—&—rﬁ)dﬁ — up(z0) {2 Netp (Z) (/3 7 T (3 A) + v /)
(1)

where the function v(r,/A,) satisfies the estimation

1w, /A < const(y/An) Tw(r/An)
here w(t) = min{1, (%)%},t > 0.

For arbitrary R > 0 we define the following set: Qp = {y € Q : dist(y, Q) >
R} and for any z,y € Q we introduce the following function:
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QSF(S + 1) (\/X)N J%Jrs(r\/x)

R ; lr-yl<R
Rs(x,y,A) = (277')% (T\/X)%+S
0, |z—y| >R,
and
S N _ > n )
Dy, X) = 2T(s 4 AFE 57 ﬂd 1O, @)

where I5(\, \,) denotes the integral

Is()\,/\n) = /ROO J%_i_s(?“\/X)J%_l(T\/E)T

The following representation is very important for the estimation of the maxi-
mal operator in the classes of L,().

Lemma 2. The Riesz means has the following representation

Ef@) = [ f@)Ra(x.y.) m+/f (7,2 M—/f (2, y, N)de

r<R
where

2L +1) g, B Jxy (rVA) N, N1y
Pru ) = S0 S i) [ VA A ar

Proof : Applying the Parseval formula for f € Lo(Q) and

|z — x| ™2 SJN_,’_S(‘ — x| V), |z —zo| <R
gwo(x) =
0, |z — x| > R.
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where the number R is chosen with the condition that the ball of radius R:

Br(zo) ={x: |z — x| < R} C Q. (3)

We obtain

J@am@ar= [ @l = w0y = 3 o

The Fourier coefficients dy, = [, g, (#)un(z)dz,n = 1,2,3, ... of the func-
tion g, (x) can be calculated using the property that it is radial function and
applying mean value formula as follows:

R
d = C’Nun(xo)(\/)\n)l_%/o T PV N T (/A dr
R
+un(x0)/0 rgfsflJ%Jrs(rﬁ)y(r,\/)\n)dr

To the first term of d,, after substitution fOR = [,° =[5 and taking into
account the formula

| VR T A =
0

where §,, is a Kronecker we have

dy = Clup (2) A2 T (1 - A;) 8 — Cntin (20) (v An) ™2 (A, Ap)

R
+ (o) /0 g VRl VA
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r(%)

NCESIE Substitute

where C' = %’ Cy = 2%—1“%)7 then, ' = 2% —s-1

d, into the Parseval formula :

[ gate= [ gy R
Q r<R

— O\ T Z entin (o) (1 — A;) —Cn Z cnun(xo)(\/)\n)l—%js(/\, An)

An <A n=0

oo R
+ Z Cnun(xo)/ Tg*s*l]gﬂ(r\[\)u('r, vV AR)dr.
n=0 0

We obtain the following representation for the Riesz means:

1 N
ESf(xo) = i ® ) (x)r_?_sjgﬂ,(r\[\)dx
+ % Z Cnun(xO)( \% An)l_%ls()‘v >\n)
C' a7 =
1 o R N 3 \/»
———=—=% ) _ tntn(T r2 5 n (rV A (r /Ay )dr
C/)‘%_Inzzo ( 0)/0 2+( ) ( )

which completes proof of Lemma [2]

3. Estimation for P,(z,y, \)

First two terms of Riesz means can be estimated by the methods in [Alimov
(1970al). Let estimate third term.

Lemma 3. We have

N
/Q|Ps(x,y,)\)|2dx <ONTTT, 1> 5 (6)
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uniformly for all z € Q and A > 1.

Proof: Let expand Ps(z,y,A) into eigenfunction expansions by eigenfunction

{un(2)}:

o0
n=0

where

R Jn, (rVA
en(y) = CNun(y)/ g(\[\)NV(T, \/E)TNﬁldr

o (rV/A)ETts

Application of Parseval’s formula gives:

. 2x_ooc 2 _ oou2 N RJ%H( v(r, Nlr
[ 1Py =2l = 03w / VA

J
N/ N+S( rf N— 1dr
0

SCZu2 (r\f)

An<A
2
R Jﬂ (T\/X)
+C u? N / 2 e, /AN Yy
)\g)\ 0 (T\/X)%-l‘s

Let denote

where |v(r, v A,)| < C,(vV ) Tw(rvAn), Cy, is a constant:
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1, 0<ry A <1
w(ry/An) = ) N1
< )\n> , rAp > 1

r

We have the following lemma to estimate || in (7):

Lemma 4. Let s > % For any r > 0 we have

R Jﬂ s T‘\A
Il = /0 (Q—h()u(r, Vn)rN e = 0(1)

V)T s

dr < c/ﬁ (VN ANy
%

v VAN

(rVNFH

) N;—l_,’_s 1 1 T 1 N;—1+S x

:C(\/Xn)i‘r <) NTNII;S%dT:O() <) /N
Vo) o An VA -

)T e () G

=\, VA SR

< e
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_1
Thirdly, let estimate |I| for the case A, < A\;r > Ay, 2:

o0

e R

J%—i—s(rﬁ)
(

—

drgc/;m(m)_7< 1 >N2rN‘1dr

1 %-‘rs \/
e T )\) \/X r )\n
C( 1\ T e e N-14
= T~ = - T r
v VA L pats \r
VA
N2—1+T N;1+S oo N2—1+T N2+1+S gm0
G I G Y el G o R € R
1 —S 1

_C(l) 5 +7T—s (1)N;1+S<OAT;N
s W, VA st

Fourthly, let estimate |I| for the case A, > A\;r < ﬁ:

U5 [Ty ps(rvVA 0 S L\
C/ﬁ >+ (ﬂ—i_s)y(r’ \/E)TN_l d?“SC/ﬁ (T\f/\)ﬂ—i_s (\/7) T( S ) rNldr
A | V)3 SEYOVATE o
Nolir .1 . Noii, N1 %
C(l [ drC(l) lN]
An Ners An 3 ,

( 1 )N+T O 4N
- | — < — Nz .
(N+1) \Vx, =N+l

y‘
3
N———
)
+
3
7N
Sl-
>
N———
[
Q
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Lastly, let estimate |I| for the case A, > A;7 > A~z

) Jﬂ s 7"\/X oo N\ 7% 1 N1
o [T PEL <o [T ED L (ay () T e
2 (rvA)z - (T\/X) 2 rvAn
N2—1+T N;l +s o _% No1
=C (1) (1> rﬂﬂ (1) N1,
An A % r2 r
N-—1 N1 ) s
1 =T 1 2ot > 1 5 TT 1 5—+s _go©
o)™ ) e )™ )
N1 N+1
_0(1) ? (1 PO ey
$ \/Xn A s
Finally, we obtain
A |PS($7y,)\)|2d.’£ = Z ‘pn(y)|2
n=0
2
;- BTy (/3
=C ufl y)AN / ﬁgiNy(r’ \/E PN=1 g, (8)
7;) W o (rV/A)zts )
<O Y WA HC > (AT
An <A An>A

2

2
Where@:{%ﬂL § +C] and Cy = |§ + 557 + ¢]

easn

We refer the following formula from |Alimov and Joo| (1983b))

Yo wk@=0MA" A1, vreQ
VAL -AI<1

firstly, we have to estimate the first term of as follows
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(V]
Cr Y up(A,” <Ciy m™ Y up(y)
An <A m=1 m<vAp,<m+1

[V (VA
< Cl Z m_szN_l _ Cl/ t—27‘+N—1dt
m=1 1

_ VAl
t 27+N [ Cl N
= P — = AT 1] < Oy TT
Ol[—2¢+N]1 Nog T s GA
where C5 = Nng.
Next we estimate the second term of equation ,
CY AT Y w T Y w6 Y mmd
An>A m=[vVA] m<vVA, <m+1 m=[vA]
> oriN—1 =2 N
S CQ t dt = CQ = 04)\ 2
VoY N =27 x
where Cy = N€2T.
Then,
N N
/ \Ps(x,y,)\)Pd;ng)\%_T, T>—,5> —,
Q 2 2

where C' = C3 4+ Cy. This is completing proof.

4. Estimation in L, p >1

Lemma 5. Let

P} (x,y) = sup |Ps(z,y, V)|
oy
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If2a— N =¢€¢>0,s=a+1id, and y € Q0 we have the relations as follows

[Pz e <c
Q
Proof. We know

2
dt

m

|Ps(z,y,\)|* =2

Py ) gy (Pl )it < [ 1P 0P 4|2 (Pt

0

Taking supremum, we have

2

" 0

P < [ 1RGP+ | S| @
0
We integrate both sides with respect to x, we obtain
1% 9 2
/ IP* (2, y,)Pde g/ Py, ) + ’(Ps(x,y,t)) dt| do
I 2
/ /|P x,y,t)|? + ( s(x,y,1)) dm] dt

We have the following estimate if we choose 7 > % + 1, then we obtain

2 o
/ |P}(z,y, \) P d </ dx] dt:/ t2Tdt = C.
Q 1

Lemma [f is proved.

[ 1Pt + ' (Pu(,,1)
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5. Estimation in L,

As we established in the beginning for the Riesz means we have: Eff(z) =

oxf(@) + & f(x) + 73 f (@)

From |Alimov| (1970a))’s result we conclude that:

s+1 Cl
15 fll Lo < 5o @, V€ L),

s+ CQ
ozt £l SEHfHLP(Q)v 1<p<2.

Collecting all estimations we obtain

. 1 1 1
IESY £lI1, @) Sc(p—1+\/25—N+\/2T—N—2)|f||L”(Q)' p>1, (p—1).
(9)
Lemma 6. The functions
> s s— d\/X % 1 VA s— %
Wiz, f) = [/0 |EXf(x) — EX 1,1”(56)2\51 ; Qs(xaf)zs\lg) [\A/o |EX 1f(x,t)2dt]
(10)

Re(s) =a > 1.

T 2dx 2)|?dz s(z, )Pdz < x)|2dz.
/Qwvs( ) SC/QIf( )2, /Q\m PP <C/Q|f( M(n)

Proof. To prove we note that
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\F/ |ES f(, 1) dt] <> [ ES*’“f(a: t) — B3R f (e, t)2dt

k=0

f/ |EST f (1) |2dt] < ZWs+k )+ Qstmir(, f).

=0

From and the estimate

m

Q ({L‘ f) Z s+k(m f)+Es+m( 7f)

k=0

Choose m such that m + o > & it follows from @ and lb we obtain .
From Corollary, for any s = « + i0,Re(s) > 0,

/ B (. f) 2 < © / () P (13)
Q Q

This follows from the obvious relation

Es<ﬁ>=ﬁ%[§(s“/ B (067 - )T dt,

1
2

|Ey(z,5,VN)| < C [\1& OM |Es21(t)|2dt] SCQuep(w,f) (14)

From ) and (11 implies (1
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6. The analytic family of linear operators and
L,-spaces

We say that a function ¢(7),7 € R!, has admissible growth if there exist
constants a < m and b > 0 such that

lo(2)] < exp(bexpalT]). (15)

Let A, be a family of operators defined for simple functions (i.e. functions
which are finite linear combinations of characteristic functions of measurable
subsets of 2). We term the family A, admissible if for any two simple functions
f and g the function

o(z) = / F(2) Aug(a)da

is analytic in the strip 0 < Rez < 1 and has admissible growth in Im z, uni-
formly in Rez (this means that we have an estimate in Imz which is analogous
to , with constants a and b independent of Rez).

Theorem 7. Let A, be an admissible family of linear operators such that

[Air fllL, @) < Mo(TIIfI|L,, ) 1 <po < oo,

[Aryir fllz,, @) < Mi(DIfllz,, @) 1 <p; <o0,

for all simple functions f and with M;(T) independent of T and of admissible
growth. Then there exist for each t, 0 < t < 1, a constant My such that for
every simple function f holds

Po p1

1 1—1t t
A fllL,, @ < Milfllz,, @), o = +

We apply the interpolation theorem on an analytic family of linear operators
in L, space. Let p(z) be a measurable function on 2 such as 0 < p(z) < po <
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oo and a(z) = (% + e) z, 0 < Rez < 1. We define an analytic family of linear
operators:

A f(z) = Ez((;))f(ﬂi), 0 < Rez < 1.

We have

(i WM
1Ay f (@)l 20y < 1B £(@)| 1300y < Be™ || ]l La(e)-

Secondly on the line z = 1 + iy, we have

1+i xlyl
A4y f(@)Ir,, @) < IESYT £(@)|1,, 0 < De™ E I £llL,, -

Therefore by the interpolation we get

NES f(@)||o < Millfllz, ) (16)

And if note that

then,

then,
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a(t):<];+e>t><g+e>2<;—;>>1\f(;—;), po > 1.

Let us denote by Af(z) the fluctuation of ES f(x):

Af(w) = | Jim sup B3 f(x) — lim inf B3 f (1)

It is obvious, that Af(x) < Ef f(x).

From density of C*° € L,,p > 1, we have that for any € > 0 the function f €
L,,p > 1 can be represented as the sum of two functions: f(z) = fi(x)+ fa(x),
where f, € C*, and ||f2||z, < e. Then we have

Af(@) = | Jim sup B fo(a) — lim inf B3 f(2)] < || fallz, < e

Therefore almost everywhere A f(z) =

0.
means of order s > N (% — %), 1 <p <2, we have limy_,o, E§ f(z) = 0.

So almost everywhere on (2 for Riesz

7. Conclusion

The almost everywhere convergence of the eigenfunction expansions of the
Schrodinger operator by Riesz means of order s > N(1/p—1/2) in the classes of
Lp, 1 < p < 2is established by estimating the maximal operators in the classes
Ly and Lo and application of the interpolation Theorem for the family of lin-
ear operators. This result is extending the similar result for the eigenfunction
expansions of the Laplace operator obtained in the work |Alimov| (1970b)).
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